Abstract. The Gram matrix can be defined for Bessel sequences by combining synthesis with subsequent analysis. If different sequences are used and an operator is inserted we reach so called U -cross Gram matrices. This can be seen as reinterpretation of the matrix representation of operators using frames. In this paper we investigate some necessary or sufficient conditions for p-Schatten class properties and the invertibility of U -cross Gram matrices. In particular we study the stability of U -cross Gram matrices.
Introduction, notation and motivation
For some applications operator equations Of = b, are transferred to matrix level to be able to be treated numerically [23] . A standard approach for that is using orthonormal basis (e k ) and look at the matrix M k,l :=< Oe k , e l > [18] and solving M c = d for d = (d l ) l = ( b, e l ) l . More recently frames are used for such a discretization [25] . For a general treatment see [?] . Those matrices are constructed by concatenating the given operator O with the synthesis and the analysis operator. Therefore they can be considered as generalization of Gram matrices. In this article we study those so called U -cross Gram matrix and study their invertibility, in particular.
A sequence {φ i } i∈I in H is a frame if there exist constants A, B > 0 such that
1)
A and B are called the frame bounds. If {φ i } i∈I is only assumed to satisfy the right hand of (1.1), then it is called a Bessel sequence. We say that a sequence {φ i } i∈I in H a frame sequence if it is a frame for span{φ i } i∈I . For a Bessel sequence Φ = {φ i } i∈I , the synthesis operator T Φ : ℓ 2 → H is defined by
Its adjoint operator T * Φ : H → ℓ 2 ; the so called analysis operator is given by
The operator S Φ : H → H, which is defined by S Φ f = T Φ T * Φ f = i∈I f, φ i φ i , for all f ∈ H, is called the frame operator. For a frame Φ the operator T is onto, T * is one-to-one, and S is positive, self-adjoint and invertible.
A dual for a Bessel sequence Φ = {φ i } i∈I ⊆ H is a Bessel sequence Ψ = {ψ i } i∈I in H such that
It is obvious to see that the Bessel sequence S −1 Φ φ i i∈I is a dual for the frame Φ and is itself a frame again. This dual, denoted by Φ = φ i i∈I , is called the canonical dual.
A Riesz basis for H is a family of the form {U e i } i∈I , where {e i } i∈I is an orthonormal basis for H and U : H → H is a bounded bijective operator. Note that, the only dual of Riesz basis is the canonical dual. For more details of frame theory see [2, ?, 11, 10, 7] .
Recall that if T is a compact operator on a separable Hilbert space H, then there exist orthonormal sets {e n } and {σ n } in H such that T x = n λ n x, e n σ n , for x ∈ H, with λ n ∈ c 0 , i.e. lim n→∞ λ n = 0. λ n is called the nth singular value of T . Given 0 < p < ∞, we define the Schatten p−class of H, denoted S p (H), as the space of all compact operators T on H with the singular value sequence {λ n } belonging to ℓ p . In this case, S p (H) is a Banach space with the norm
The Banach space S 1 (H) is called the trace class of H and S 2 (H) is called the HilbertSchmidt class. Theorem 1.4.6. of [33] shows that T ∈ S p (H) if and only if T p ∈ S 1 (H).
Moreover
It is proved that S p (H) is a two sided * -ideal of B(H), that is, a Banach algebra under the norm (1.3) and the finite rank operators are dense in (S p (H), . p ). Moreover, for T ∈ S p (H), one has T p = T * p , T ≤ T p and if S ∈ B(H),
then ST p ≤ S T p and T S p ≤ S T p . For more information about these operators, see [?, 17, 21, 24, 33] .
In the following theorem, the trace norm of bounded operators is computed by orthonormal bases.
where the supremum is taken over all orthonormal bases {e i } of H 1 and {f i } of H 2 .
Finally, recall that for every matrix operator M = (M k,l ) on ℓ 2 we have
It is called the Frobenius norm when
The following proposition will be used frequently in this manuscript. 
for every finite scalar sequence {c i } i∈I . 3. T Φ is one to one.
A sequence {φ i } i∈I satisfying (1.4) for all finite sequences {c i } i∈I is called a Riesz sequence.
We will use the following criterion for the invertibility of operators. 
Throughout this paper, H is a separable Hilbert space, I a countable index set and I H the identity operator on H. We will denote the set of all linear and bounded operators between Hilbert spaces H 1 and H 2 by B(H 1 , H 2 ) and for H 1 = H 2 = H, it is represented by B(H). Also, B Φ is an upper bound of Bessel sequence Φ.
U-Gram matrices
In this section, we define U -cross Gram matrix and introduce its properties.
Definition 2.1. Let Ψ = {ψ i } i∈I and Φ = {φ i } i∈I be Bessel sequences in Hilbert spaces H 1 and H 2 , respectively. For U ∈ B(H 1 , H 2 ), the matrix G U,Φ,Ψ given by
is called the U -cross Gram matrix. If H 1 = H 2 and U = I H1 it is called cross Gram matrix and denoted by G Φ,Ψ . We use G Ψ for G Ψ,Ψ ; so called the Gram matrix [11] .
Note that is just another viewpoint to the matrix representation of operators [5] . In the next lemma, we rephrase results there in the U -cross Gram matrices viewpoint.
Lemma 2.2. Let Φ = {φ i } i∈I and Ψ = {ψ i } i∈I be two Bessel sequences in H 1 and
The following assertions hold.
Proof.
(1) is shown in [5] , (2) | Oe k , f l | 2 = 0 for any orthonormal bases {e n } and {f n }. So, using the canonical basis of ℓ 2 for our setting this means that G U,Φ,Ψ is compact, if and
Naturally, Frobenius matrices correspond to
Hilbert-Schmidt operator [3] . Therefore, if i∈I j∈I
is Hilbert-Schmidt, and therefore compact. We can show Corollary 2.3. Let Φ = {φ i } i∈I and Ψ = {ψ i } i∈I be Bessel sequences in H and U ∈ B(H). Then the following assertions hold.
If the operator U is compact, the matrix
G U,Φ,Ψ is compact, i.e. lim i→∞ l | U ψ i , φ l | 2 = 0.
If the operator U is in the Schatten
Proof. This follows from the ideal property of the considered operator spaces, as G U,Φ,Ψ = T * Φ U T Ψ , as well as the comments above.
Lemma 2.4. Let Φ = {φ i } i∈I and Ψ = {ψ i } i∈I be frames in H and U ∈ B(H). Then the following assertions hold. 
The operator U is compact, if and only if G U,Φ,Ψ is compact, if and only if lim
i→∞ l | U ψ i , φ l | 2 = 0.
The operator U is in the Schatten p-class, if and only if G U,Φ,Ψ is Schatten p, if and only if
U ψ i , φ l q,2 < ∞ . In particular (2a.
) The operator U is trace-class, if and only if G U,Φ,Ψ is trace-class, if and only if sup
Proof. This follows from above and the fact [5] that
and Corollay 2.3.
Suppose that Φ is a sequence in H, then G Φ is a bounded operator in ℓ 2 if and only if Φ is a Bessel sequence [11] . This result does not hold for G Φ,Ψ and G U,Φ,Φ . More precisely, if Φ = {ke k } k∈I , Ψ = 1 k e k k∈I and U = I H , where {e k } k∈I is an orthonormal basis of H, then it is easy to see that G U,Φ,Ψ is a bounded operator in ℓ 2 , however, Ψ is not Bessel sequence. Moreover, if U ∈ B(H) is defined as U e k = 1 k 2 e k , k ∈ N, then U Φ = Ψ, and therefore,
is bounded, but Φ is not Bessel sequence.
The composition and the invertibility of U -cross Gram matrices are our main questions in this topic. In addition, it is very natural to ask whether the composition of U -cross Gram matrices can be stated as a U -cross Gram matrix. Similar questions are raised for the invertibility of U -cross Gram matrices. An affirmative answer to such questions may be useful in applied frame theory. These questions are studied for multipliers and K-multipliers in [4, 26, 27, 30] and matrix representations and equalities [8, 9, 19] .
Remark 2.5. Let Φ, Ψ, Θ and Ξ be Bessel sequences in H, and suppose there exists a dual of Ψ denoted with Ψ † . Let U 1 and U 2 ∈ B(H). Then
Suppose Ψ is a frame and ∆ = {δ i } i∈I the standard orthonormal basis of ℓ 2 , then we obtain [5] 4.
Let Ψ = {ψ} i∈I be a Riesz basis in H then we have
Ψ ,Ψ,Ψ = I. More precisely, by using (2.1) and the biorthogonality of a Riesz basis and its canonical dual, see [11, Theorem 5.5 .4], we obtain
The proof of the other statements are obvious by the biorthogonal property.
U -cross Gram matrices and Riesz bases
It is apparent that Φ is an orthonormal basis if and only if G Φ = I ℓ 2 as this means that Φ is biorthogonal to itself. In the sequel, we discuss on the invertibility of G U,Φ,Ψ when Φ and Ψ are Riesz bases.
Proposition 2.6. Let Φ = {φ i } i∈I and Ψ = {ψ i } i∈I be two frames in H and Φ d be a dual of Φ. Then Proof. If G U,Φ,Ψ = I ℓ 2 , then
Hence, Φ has a biorthogonal sequence, and therefore it is a Riesz basis. Also, Ψ is a Riesz basis since U * Φ is its biorthogonal sequence. In particular, Φ = U Ψ by Theorem 5.5.4 of [11] . this shows (1) . To obtain (2), it is enough to show that U = I H . To see this, by using the duality condition we have
Now, the invertibility of S Φ implies that U = I H .
In the next theorem, we study a necessary and sufficient condition for Riesz sequences.
Theorem 2.7. Let Φ = {φ} i∈I and Ψ = {ψ i } i∈I be two Bessel sequences in H such that G U,Φ,Ψ is invertible. Then Φ and Ψ are Riesz sequences.
Proof. Applying (1.4) follows that
for every sequence of scalars c = {c i } i∈I . Moreover,
To obtain a lower bound of Ψ, we have
Note that, the invertibility of G U,Φ,Ψ does not imply Φ and Ψ are Riesz bases, in general. This is because G U,Φ,Ψ can never imply anything about completeness, as the considered space is irrelevant for G U,Φ,Ψ . To see that assume that
is an orthonormal basis for a separable Hilbert space H and Φ = {e 2 , e 3 , e 4 , ...}. Φ is non-complete. Also,
This is even true if one erase countably many elements, for example only considering (e 2 , e 4 , e 6 , . . . ), In finite dimensional Hilbert space H, the invertibility G U,Φ,Ψ implies that Φ and Ψ are Riesz bases and U is invertible operator. This is because the invertibility
Φ is onto and T Ψ is one to one. Because H is finite dimensional, the operators T * Φ and T Ψ are invertible, in particular, Φ and Ψ are Riesz basis. As a consequence U is also invertible.
As a corollary we get the following partly known results, see e.g. [11] and [5] :
Corollary 2.8. Let Ψ and Φ be frames in Hilbert space H. Then
is a Riesz basis in H if and only if
(2) G U,Φ,Ψ is invertible if and only if U is invertible and Ψ and Φ are Riesz basis in H. In this case,
Theorem 2.9. Let Φ and Ψ be Bessel sequences in H and U ∈ B(H). Then the following assertions are hold.
1. If G U,Φ,Ψ has a right inverse and Φ is a frame, then U Ψ is a frame.
2.
If G U,Φ,Ψ has a left inverse and Ψ is a frame, then U * Φ is a frame.
Proof. The assumption Φ is a frame and the fact that
has a right inverse shows that T * Φ is bijective. The invertibility T * Φ and (2.2) implies that U T Ψ has a right inverse and hence U Ψ is a frame. The second part is similar.
Corollary 2.10. Let Φ and Ψ be Bessel sequences in H and U ∈ B(H).
1. If G U,Φ,Ψ is invertible and Φ (or resp. Ψ) is a frame in H, then U Ψ (or resp. U * Φ) is a Riesz basis in H.
If U ∈ B(H) is invertible, then φ is a Riesz basis if and only if Ψ is a Riesz basis.

Stability of U-cross Gram matrices
In this section, we state some sufficient conditions for the invertibility of U -cross Gram matrices.
is an invertible operator. Then the following assertions hold.
(1) If
then G U1,Φ,U2Φ and G U1,U2Φ,Φ are also invertible. Moreover, if Φ is a frame and
then G U1,U2Φ,U3Φ is also invertible. Moreover, if Φ is a frame and U 1 ∈ B(H), then
Proof. (1) By using the assumption (3.1) we obtain
U1,Φ,Φ is invertible and so G U1,Φ,U2,Φ is invertible. The invertibility G U1,U2Φ,Φ is similar.
(2) Assumption (3.2) yields
This shows that G U1,U2Φ,U3Φ G −1 U1,Φ,Φ is invertible and hence, G U1,U2Φ,U3Φ is invertible. Moreover, if Φ is a frame, then it is also a Riesz basis, U 1 is invertible and (
Proof. By assumption (3.3) we have
and G V,Φ,Ψ is also invertible. This proves (1). To show (2) note that
Using (3.4) follows that
Hence, G U,Φ,Ξ is invertible by the invertibility G −1
Theorem 3.3. Let Ψ = {ψ i } i∈I be a Bessel sequence and Φ = {φ i } i∈I a Riesz basis such that
where A and B are Riesz bounds of Φ. Then G U,Φ,Ψ is invertible and
Proof. Since Φ is a Riesz basis, we conclude that G Φ is invertible and
More precisely, (1.4) follows that
Therefore, 
Now we are ready to state our result about the stability of U -cross Gram matrices.
Theorem 3.4. Let Φ = {φ i } i∈I and Ψ = {ψ i } i∈I be frames, U and V ∈ B(H). If Ξ = {ξ i } i∈I and Θ = {θ i } i∈I be Bessel sequences such that for all c = {c i } i∈I ∈ ℓ 2 , and Hence, G V,Ξ,Θ is invertible by Proposition 1.3.
